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Pf . Put pebbles only on a “most distant” verte x.

Lem. (Weight Inequality) If Cis solvable under � , with
‹ E pebbles at distance Efrom C, then

∑

E‹ E� � E � � .

Pf . A pebbling move cannot incr ease the sum.

Prop. …(%? ) = � ?� � .

Pf . A distribution on %? reaches the endpt iff the Weight
Inequality holds (Wt. Ineq. ) some verte x has two).
Reachability of other vertices follows inductively .

Lem. (No -Cycle Lemma; Moews [1992]) If some
ordering of a multiset of moves is achievable from � ,
then some subset without cycles is achievable from �
and leaves at least as many pebbles on every verte x.
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Each move sequence x 0 that reaches Cunder � 0 would
yield a sequence x reaching Cunder � .

� Squished distributions are har dest to show solvable!
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Upper bound : Squishing limits distributions to study .

� ? � Chas all pebbles on one or two adjacent vertices.

? even : get � <� � pebbles within distance < � � of C.

? odd : get � < pebbles within distance < of C.
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Smoothing - Tool for Lower Bounds on …$ %) ( � )

Idea : To prove no distribution with size � < is solvable, it
suf�ces to study the easiest ones; they are “ smooth ”.

Def . smoothing move : When 5(• ) = � and � (• ) � � ,

� � �
� � �

•
!

•
� � �
� � �

< > � <

Lem. Smoothing preserves reachability .

Pf . Sequence x 0 on new � 0 mimics x on old � .

Lem. (Smoothing Termination) From any distrib. on a
connected � (not � ? ), any smoothing sequence reaches
a smooth distribution (� � at each � -valent verte x).

Pf . Replace weight � <(> � <) with weight
(< � � )(> � < + � ) + (< + � )(> � < � � ), less by � .
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Thm. …$ %) ( � ? ) = …$ %) (%? ) = d� ?� � e. (P–S–V for %? )

Pf . Upper bound : � � � � � �
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Lower bound : No-Cycle Lemma and Smoothing.
In a smooth distributn, no pebble can move past a � .

� � � � �
� � � � �� � � � � �

Thm. For an ?-verte x tr ee ) , …$ %) () ) � d� ?� � e.

Pf . Induction on ? by studying vertices near one end of
a longest path. (Four short cases.)

Cor . For a connected ?-verte x � , …$ %) ( � ) � d� ?� � e.
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Simple Lower Bound for …$ %) on Hyper cubes

Thm. (Chung [1989]) …(& < ) = � <. (pebbling number )

Thm. (Moews [1998]) …$ %) (& <) = (� � � )<(� +@(� )).

Pf . Lower bd : Let � be a solvable distribution on & <.

Weight Inequality )
∑

E� � ‹ C�E� � E � � for all C2 + (& <).

Selecting Cat random yields
∑

E� � E! [ ‹ C�E] � � .

Each pebble in � is distance Ewith probability
�<

E

�

� � <.

Linearity of expectation ) ! [ ‹ C�E] = j� j
�<

E

�

� � <.

Substituting ) j � j
∑

E

�<
E

�

� � E � � <.

Binomial Theor em ) j� j � ( � � � )< .

� Hurlbert–Munyan [2006] : Cover pebbling for & < is � <.
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� Recall …$ %) ( � ) � d� ?� � e, with equality for cycles.
Let # ?�< = � connected ?-verte x � with j ( � ) � <� .

� Always …$ %) ( � ) � � i ( � ) (domination number), but
i ( � ) may be as lar ge as (� + @(� )) FH<

< ? (Alon [1990]) .

Prop. If 4 is the min size of a distance- B nbhd in � ,
then all of � is w/i distance � B of a set ( of size ?� 4.

Pf . Initialize ( = � Ž� . Let ) = � • 2 + (� ) � 5(• � ( ) � B� .
If 5(• � ) ) � B, then add • to ( and its B-nbhd to ) .
Since ) gains � 4 each time, ( grows at most ?� 4 times.
When �nished, all of + (� ) is w/i distance � B of ( .

Cor . (Czygrinow) …$ %) ( � ) � � ?
<+� when � 2 # ?�<.

Pf . Distance-1 nbhds have size at least < + � . Put four
pebbles at each verte x of the resulting set ( .
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� “collapses” to � � C, and …$ %) ( � ) � …$ %) ( � � C) = � C.

Thm. When ? � < + � � � and � j <, ther e exists
� 2 # ?�< such that …$ %) ( � ) �

�

� � � � � �
� <+� � � � <

� ?

�

?
<+� .
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� Better upper bound when � 2 # ?�< with girth � � E+ � .

Thm. (special case) If � 2 # ?�< (with < � � ) and � has
girth � � , then …$ %) ( � ) � � � ?
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.

Pf . Distance-2 nbhds have size at least < � + � .
© each verte x is w/i � steps of a set ( with j( j � ?
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.
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Better yet :
�

� � � �

� � � � � � � � � � � �

� � �

� � � � �

� � �

� � �

•

� � �  ' ( • )

If j ' ( • ) j � � , put � on • and one on each verte x of ' (• ).
If j ' ( • ) j � � , put � � on • .
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Thm. If > � � , then …$ %) (%>  � ) = …$ %) ( � >  � ) = > ,
except …$ %) (%�  � ) = � .

Pf . Upper bound :

� � � � � � �
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� � � � � � �
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Lower bound : More collapsing and smoothing ideas,
� -fold solvability, four pages.

Ques. Does � 2 # ?�� imply …$ %) ( � ) � d?� � e?
Would be sharp for � ?� �  � , which has girth � .

Ques. For � 2 # ?�<, what is the best coef�cient 4< for
…$ %) ( � ) � 4<

?
<+� ? It is between � and � .
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